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Abstract

A Modelagem Matemática da Śıfilis pode ser usada para entender mel-
hor sua transmissão em uma população e o ressurgimento da śıfilis em páıses
como o Brasil, onde atualmente se observa um considerável aumento de ca-
sos. Então, baseado nos modelos matemáticos dispońıveis na literatura, este
trabalho propõe uma aplicação prática para o cenário brasileiro e, ainda, ap-
resenta uma extensão que inclui a possibilidade de transmissão vertical (de
mãe para filho) da doença.
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Abstract

Mathematical Modeling of Syphilis can be used to better understand its
transmission in a population and the resurgence of syphilis in countries like
Brazil, where there is currently a considerable increase in cases. So, based
on the mathematical models available in the literature, this work proposes a
practical application for the Brazilian scenario, and still presents an extension
that includes the possibility of vertical transmission (from mother to child) of
the disease.
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1 Introduction

Syphilis is a human infection disease transmitted through sexual contact, so can be

considered a Sexually Transmitted Disease (STD). It is caused by the bacterium

Treponema Pallidum and it’s among the major causes of illness in the world, and a

serious public health problem in developing countries [26], although the first recorded

outbreak of syphilis in Europe occurred in 1494/1495 in Italy during a french inva-

sion [9]. By that time it was known as “French Disease”. In 16th to through 19th

centuries, syphilis was one of the largest public health burdens in prevalence, symp-

toms and disability [16]. In 20th century the treatment suffer a great improvement

with the advances in microbiology and pharmacology. Its important to note peni-

cillin was discovered in 1928 increasing the effectiveness of treatment. The disease

remain a challenging public health problem, specially in developing countries, as

Brazil, where it is observed a number of recent cases including in pregnant women,

identified during prenatal examinations [22]. The vertical transmission, from in-

fected mother to fetus causes a congenital infection (infected inside the uterus), but

contact with a genital lesion during birth can also transmit the infection [21].

In Brazil, there has been a significant increase in cases of acquired syphilis, as

well as among pregnant women, in recent years. The Ministry of Health provided

complete data from 2010 to 2019, and on the first half of 2020 [23]. Figure 1 shows

the evolution of cases among pregnant women in Brazil. It is observed that 61,127

cases (20.8 / 1,000 live births) have been registered in 2019, and in the first half of

2020 there were already 24,189 new cases. Most cases were detected during prenatal

examinations. Figure 2 shows the evolution of cases of congenital syphilis, which

follows the same upward trend. And Figure 3, provides information on the deaths of

children under 1 year of age due to congenital syphilis from 2010 to 2019. All of this

information based on [23], raises great concerns and needs to be studied seriously.

Figure 1: Pregnant women with syphilis 2010-2020 (per 1,000 live births). Source: [23].
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Figure 2: Congenital syphilis in children under one year of age 2010-2020 (per 1,000 live births).
Source: [23].

Figure 3: Deaths due congenital syphilis in children under one year of age 2010-2019 (per 100,000
live births). Source: [23].

According Avelleira and Bottino [2], embryo infection can occur at any stage

gestational age or stage of maternal illness. The main factors that determine the

probability of transmission are the stage of syphilis in the mother and the exposure

of the fetus in the womb. Therefore, transmission will be greater in the early stages

of the disease, when there is more spirochetes in the circulation. The transmission

rate is 70-100% in the primary and secondary phases, 40% in the recent latent phase

and 10% in the late latent phase. Contamination of the fetus can cause abortion,

fetal death and neonatal death in 40% of infected concepts or the birth of children

with syphilis. Approximately 50% of infected children are asymptomatic at birth.

The risk of contagion varies from 10% to 60% according to most authors [2]. In-

cidence rate of congenital syphilis in children under 1 year of age is about 8.383

(per 1,000 live births) [20] . Average mortality rate (non-congenital) per 1,000,000

inhabitants is 0.156 [17] and for congenital syphilis is 3.716 per 100,000 inhabitants.

All this information reinforces the need to study vertical transmission of the disease.

One way to do this is through mathematical modeling.

In the paper published in 1997, Garnett et al. [10] proposed a mathematical
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model that admits multiple stages of infection, where the individual when treated

in the latent or tertiary stages acquires temporary immunity. The work published by

Grassly et al. [11], in 2005, uses real data on syphilis cases between 1941 and 2002

for 68 cities in the United States with a SIRS (Susceptible - Infected - Recovered -

Susceptible) model. Additionally, Milner and Zhao [19], in a 2010 article, proposed a

model that considers behaviors, such as safe sexual activity, to control the epidemic,

and emphasize that secondary and later infections confer partial immunity to the

individual. In a 2016 study, Iboi and Okuonghae [14] presented a new deterministic

mathematical model that addresses the distinction between early and late latent

stages, in addition to considering that there have a reversal for individuals infected

in the early latent stage to the primary or secondary stages of the infection. In 2018,

Gumel et al. [12] presented a deterministic sex-structured mathematical model of

the population and Okuonghae et al. [24] developed a new mathematical model

that allow preventive strategies against the spread of syphilis. Abdullahi et al. [1]

develop a non-linear mathematical model for the transmission of syphilis. The goal

of the authors was analyze the existence and uniqueness of the system of equations

using the Lipchitz criteria [4]. In this context, mathematical modeling can be used

to better understand the transmission in a population and the resurgence of syphilis

in countries as Brazil. So based on Abdullahi et al. model, this work proposes a

practical application of the model in Brazilian scenario, and its extension to include

vertical transmission of the disease. The next section will deal with the model

proposed by [1] and its application. In section 3, we will present the new model

with vertical transmission. Tests are performed to observe the dynamics of infection

in the population. Finally, some discussions will be held on the results obtained.

2 Mathematical model for syphilis

The original model [1] sub-divides the population into different components or

compartments: Susceptible male (Sm(t)), Susceptible female (Sf (t)), Infected male

(Im(t)), Infected female (If (t)), Complications (C(t)) and Treated (T (t)), such that,

t represents the time. The model assumes the following hypothesis:

� the six compartments sub-divides the total population (N(t)), i.e, N(t) =

Sm(t) + Sf (t) + Im(t) + If (t) + C(t) + T (t). In this way, the total population

remains constant at every instant of time;

� the susceptible individuals have no contact with the infection until the sexual

contact with infected individuals;
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� only the infected population who effectively contracted the infection, can trans-

mit it through sexual contact;

� sexual contact between the same sex individuals will not be considered;

� infected individuals, either male or female, are equally likely to have contact

with a susceptible individual;

� the individuals with medical complications have infection at a stage that can

leads to other diseases or death;

� the treated population comprises the individuals recovered due treatment.

The corresponding mathematical model is given as:

Ṡm = π1 − α1IfSm − µSm (1)

Ṡf = π2 − α2ImSf − µSf (2)

˙Im = α1IfSm − (r1 + β1 + µ)Im (3)

İf = α2ImSf − (r2 + β2 + µ)If (4)

Ċ = β1Im + β2If − (ν + µ+ δ)C (5)

Ṫ = r1Im + r2If + νC − µT (6)

The mathematical model presents as parameters the following positive constants:

πm, πf are recruitment rates for susceptible classes; α1, α2 are contact rates for male

and female; β1, β2 are rate of progression of infected classes into the complication

class; r1, r2 are recovery rates; ν is the treated rate of complications class; µ repre-

sents the natural death’s rate; δ is the syphilis induced death’s rate. The dynamic

mechanism can be better understood through the scheme depicted at Figure 4.

Through this model the authors examined the existence and uniqueness of solu-

tion, showing that exists a possible invariant, and proved that the system (1)-(6) has

a unique solution. However, as the model has not been tested or used in a practical

situation, we propose the application of the model to the Brazilian scenario and also

its modification to consider the vertical transmission of the infection.

3 Model application to the Brazilian scenario

As previously mentioned, one of the objectives of this work is to apply the model

presented in the previous section to the Brazilian reality as a simulation scenario. In
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Figure 4: Diagram of the Original Model(without natural mortality and recruitment). Source:
[1].

this context, extensive research was carried out in order to establish the data for the

parameters used. We note that some information relevant to the implementation

of the model is not available for public consultation. Therefore, it was necessary

to estimate certain parameters. In addition, hypotheses were established in order

to obtain the most realistic result possible. In effect, an initial population (t = 0)

of susceptible people with 100 thousand inhabitants was assumed, such that ac-

tive population in Brazil is divided approximately equally between men and women

(Sm(0) = Sf (0) = 50, 000). For the infected class, information was taken from [23],

relating to the year 2017. As the intention was to observe the behavior of syphilis

for a year, that is, the experiment tried to reproduce the dynamics of infection that

occurred in 2018, the number of infected people was divided by 365, thus obtaining

the number of daily cases of infection. Even the relatively short time for studying

cases of contamination by the disease justifies the choice of a model that does not

consider the individual’s reinfection. Finally, we sought to determine the number of

people infected 10 days before the beginning of the analysis as an initial condition.

So Im(0) = 1, 970 and If (0) = 1, 380. It was also considered C(0) = T (0) = 0.

The system of ordinary differential equations, was solved through the numerical

method Runge-Kutta of Fourth Order [3] using the computational environment

Scilab®. Computational tests were performed on a Dell Inspiron ®, 3421 Intel

Core i3-32171 CPU 1.80 Ghz and 4 Gb of RAM.

Male and female recovery rates were calculated as the average recovery time,

considered equal for men and women and lasted 14 days. Thus, r1 = r2 = 1/14

days−1. The recovery rate for the complicated class was calculated in a similar way

to the previous case, but with a recovery time of 21 days, that is, ν = 1/21 days−1.

Male and female contact rates, by hypothesis, were calculated from the incidence
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rate and the detection rate, according to [23]. Thus, α1 = 0.10115/100, 000 inhab

and α2 = 0.06885/100, 000 inhab. Male and female progression rates were hypothe-

sized considering that 10% of the infected population goes to the complicated class,

and that, in general, women adhere better to treatment. Thus, β1 = 0.004286 and

β2 = 0.002857. Finally, the mortality rate induced by syphilis was obtained in [17]:

δ = 0.0156/1, 000, 000 inhab. Numerical tests do not consider vital dynamics be-

cause the relatively short observation time. Thus, π1 = π2 = µ = 0.

The Figure 5 reproduces the behavior of each population during the observed

period of 1 year. The ordinate axis represents the number of individuals in each class

and the abscissa axis the elapsed time in months. The downward trend of suscep-

tible and infected populations along with the growth of the curve for the recovered

population was already expected, because it is a SIR [15] type model (Susceptible-

Infected- Recovered), where populations migrate between compartments and the

individual after recovery is no longer observed in the model. Finally, it is important

to note that a chart was created to account for the accumulated cases of infected

people. The goal was to compare the data obtained in the numerical experiment

with real data. In fact, it was found in the simulation that after one year there

would be an approximate value 105,000 or 110,000 infected men and 75,000 infected

women. According to [23], in 2018 there were 94,715 infected men and 64,144 in-

fected women, so the experiment obtained a very satisfactory result considering the

uncertainties involved in the modeling and parameters adopted.

4 A Modeling proposal for vertical transmission

Three new compartments were created to include vertical transmission in the original

model: Susceptible babies (Sb(t)), Infected pregnant (Ip(t)) and Infected babies

(Ib(t)). Thus, the new model is based on nine compartments that subdivide the

total population (N(t)) at time t, so N(t) = Sm(t) + Sf (t) + Sb(t) + Im(t) + If (t) +

Ip(t) + Ib(t) +C(t) +R(t). In addition, some reservations were made in the original

hypotheses:

� the class of pregnant infected will be formed only by individuals who have

migrated from the female infected class;

� only the infected population who effectively contacted the infection, can trans-

mit it through sexual contact or by vertical transmission.
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Figure 5: Numerical Solution for Acquired Syphilis Transmission Model to Brazil in 2018. Source:
Authors.

The proposed model includes new parameters assumed as positive constants:

the fertility rate k; contamination rate of babies born of infected mother k̄; syphilis

induced death rate for babies δ̄, as we can see in the corresponding mathematical

model given as:

Ṡm = −α1IfSm (7)

Ṡf = −α2ImSf (8)

Ṡb = (1− k̄)Ip (9)

˙Im = α1IfSm − (r1 + β1)Im (10)

İf = α2ImSf − (r2 + β2)If (11)

İp = kIf − (r2 + β2)Ip (12)

İb = k̄Ip − δ̄Ib (13)

Ċ = β1Im + β2If + β2Ip − (ν + δ)C (14)
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Ṫ = r1Im + r2If + r2Ip + νC. (15)

The figure 6 shows in a schematic way the transmission dynamics of the new

model according to the equations described in (7)-(15).

Sm Im

T

IfSf

Ip

C

Sb

Ib

α1

α2

β1

β2

νr1

r2
k

(1− k̄)

k̄

δ̄

δ

r2

β2

Figure 6: Diagram for Vertical Transmission Model. Source: Authors.

The infected female class was subjected to a fertility rate in order to estimate the

infected pregnant class, who must generate susceptible or infected babies. From this,

it became possible to observe the vertical transmission of syphilis, since it occurs

from the infected mother to the fetus during pregnancy. In this way, the new model

works as an extension of the original model, taking advantage of some parameters

already established. It is important to mention that the original mathematical model

does not contemplate sexual contact between individuals of the same sex. Once the

objective of this work is to present a mathematical model that includes vertical

transmission, it is not pertinent to observe this type of contact, since it does not

influence the contagion in newborns.

5 Model Analysis

Once established the mathematical model, it is appropriate to consider their appli-

cation as a strategy for the disease control, hence it is essential to study the basic

reproduction number (R0). The R0 is defined as the expected number of secondary

infections produced by a typical infected individual in a susceptible population [5],
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i.e, it will be able to predict the beginning of a possible sickness outbreak in a pop-

ulation that has no infected individuals yet. So that, if R0 > 1, then the number of

infected individuals will increase with each generation and the disease will spread,

but, if R0 < 1, then each infected individual will produce less than one infected

individual, therefore the infected individuals will disappear and the disease will be

extinguished [7].

As been seen previously, the epidemiological model is applied to a heterogeneous

population. Are set convenient parameters for the disease dynamics, so that it is

possible to determine homogeneous sub populations, according to the way their in-

dividuals are classified. And segment these sub populations into a finite number

of compartments [8], where individuals can migrate over time if their states change

[6], generating a system of ordinary equations. From the complete system can be

defined a subsystem called infected subsystem, which includes only the stages where

there is the propagation of the disease, and thus, relate the number of recently in-

fected individuals through the matrix known as the next generation matrix (NGM),

usually referred as K [6]. In fact, R0 is defined as the spectral radius of the NGM

and can be given as the dominant eigenvalue of K. To calculate R0, it is necessary

to linearize the infected subsystem over a state in which there are no cases of disease

infection. From an epidemiological perspective, the linearization reflects the poten-

tial of an infection spread (which is assigned to R0), when an infected individual

is inserted into a totally susceptible population [6]. Hence, the linerization of the

infected subsystem is the first step to calculate R0.

The method for determining R0 consists of decomposing the NGM as the Ja-

cobian matrix (T + Σ), where, T is the transmission part, representing only the

production of new infections, and Σ is the transition part, representing all other

states changes [6]. Thus, the matrix was structured through an epidemiological

interpretation, which is the main objective to apply the NGM method. The decom-

position of the epidemiological system into the matrices T and Σ was described by

van den Driessche & Waltmough in a paper published in 2002 [8].

So, NGM will be defined as

K = −TΣ−1. (16)
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Let ρ(k) the dominant eigenvalue of K, so R0 can be defined as

R0 = ρ(K). (17)

The NGM method follows three steps [6]:

1. decompose the infected subsystem as the Jacobian matrix (T + Σ), where

� T contains the entries corresponding to the transmission events and

� Σ contains the entries corresponding to the state changes;

2. calculate NGM as K = −TΣ−1;

3. determinate ρ(K).

Assume the (1)-(6) system. Define N1 and N2 as the populations formed only

by male and female individuals, respectively, then,

N1 = Sm + Im + λ1C + λ2T (18)

and

N2 = Sf + If + (1− λ1)C + (1− λ2)T, (19)

such that, 0 ≤ λ1, λ2 ≤ 1, so N = N1 + N2. In addition, in the disease free stage:

Im = If = C = R = 0, so

N1 = Sm and N2 = Sf ⇒ N = Sm + Sf . (20)

It is possible notice that there are three compartments in the (1)-(6) model with

infectious individuals (Im, If and C). Consider the following system of equations:

˙Im = α1IfN1 − (r1 + β1 + µ)Im (21)

İf = α2ImN2 − (r2 + β2 + µ)If (22)

Ċ = β1Im + β2If − (ν + µ+ δ)C. (23)

Since the (21)-(23) system describe only the disease new cases production and

the changing in already existing infected states, it will be adopted as the infected

subsystem. Therefore, the linearized infection subsystem can be decomposed by the

Jacobian matrix (T + Σ). Let xT = (Im, If , C), the linearized infection subsystem
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will be [6]

ẋ = (T + Σ)x. (24)

So,

T =


0 α1N1 0

α2N2 0 0

0 0 0

 (25)

and

Σ =


−(r1 + β1 + µ) 0 0

0 −(r2 + β2 + µ) 0

β1 β2 −(ν + µ+ δ)

 (26)

Note that, the infected states can be treated with the indices i and j. Thus, the

entries in Tij can be interpreted as the rate at which an infected individual in state

j produces an infected individual in state i [6].

Once NGM is defined as K = −TΣ−1 and Σ is a non-singular matrix [8]. So,

Σ−1 =


−1

(r1+β1+µ)
0 0

0 −1
(r2+β2+µ)

0
−β1

(r1+β1+µ)(ν+µ+δ)
−β2

(r2+β2+µ)(ν+µ+δ)
−1

(ν+µ+δ)

 . (27)

then,

K =


0 α1N1 0

α2N2 0 0

0 0 0

×


1
(r1+β1+µ)

0 0

0 1
(r2+β2+µ)

0
β1

(r1+β1+µ)(ν+µ+δ)
β2

(r2+β2+µ)(ν+µ+δ)
1

(ν+µ+δ)

 .
However,

K =


0 α1N1

(r2+β2+µ)
0

α2N2

(r1+β1+µ)
0 0

0 0 0

 . (28)

The entries in (−Σ−1)ij are the expected time that an individual in state j will

pass to state i [6]. Hence, it is evident that entries i, j in (−TΣ−1) the expected

number of infected offspring in state i in the infection produced throughout their

future infected life by an individual currently in the infected state j.
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Once K has the following eigenvalues, [18]

λ1 = 0, λ2 =

√
(α1N1)(α2N2)

(r1 + β1 + µ)(r2 + β2 + µ)
and λ3 = −

√
(α1N1)(α2N2)

(r1 + β1 + µ)(r2 + β2 + µ)
.

By (17),

ρ(K) =

√
(α1N1)(α2N2)

(r1 + β1 + µ)(r2 + β2 + µ)
(29)

but, R2
0 = 1⇔ R0 = 1, so,

R0 =
α1α2

(r1 + β1 + µ)(r2 + β2 + µ)
N1N2. (30)

Consider now the (7)-(15) system. It is possible to perceive that the model

presents five infection states (Im, If , Ip, Ib and C). So, the infected subsystem will

be:

˙Im = α1IfSm − (r1 + β1)Im (31)

İf = α2ImSf − (r2 + β2)If (32)

İp = kIf − (r2 + β2)Ip (33)

İb = k̄Ip − δ̄Ib (34)

Ċ = β1Im + β2If + β2Ip − (ν + δ)C. (35)

Only the Im, If and Ip compartments produce new cases of infected individuals.

Im and If transmit the disease through sexual contact with healthy individuals

and Ip transmits the disease vertically, thus generating the Ib class. Let xT =

(Im, If , Ip, Ib, C) the linearized infection subsystem will be:

ẋ = (T + Σ)x, (36)

such that,
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T =



0 α1Sm 0 0 0

α2Sf 0 0 0 0

0 k 0 0 0

0 0 k̄ 0 0

0 0 0 0 0


(37)

and

Σ =



−(r1 + β1) 0 0 0 0

0 −(r2 + β2) 0 0 0

0 0 −(r2 + β2) 0 0

0 0 0 −δ̄ 0

β1 β2 β2 0 −(ν + δ)


. (38)

Then,

Σ−1 =



1
(r1+β1)

0 0 0 0

0 1
(r2+β2)

0 0 0

0 0 1
(r2+β2)

0 0

0 0 0 1
δ̄

0
β1

(r1+β1)(ν+δ)
β2

(r2+β2)(ν+δ)
β2

(r2+β2)(ν+δ)
0 1

(ν+δ)


. (39)

So, the NGM is the same as (16),

K =



0
α2Sf

(r2+β2)
0 0 0

α1Sm

(r1+β1)
0 0 0 0

0 k
(r2+β2)

0 0 0

0 0 k̄
(r2+β2)

0 0

0 0 0 0 0


(40)

once K has three distinct eigenvalues,

λ1 = 0, λ2 =

√
(α1N1)(α2N2)

(r1 + β1)(r2 + β2)
and λ3 = −

√
(α1N1)(α2N2)

(r1 + β1)(r2 + β2

.

So,

ρ(K) =

√
(α1N1)(α2N2)

(r1 + β1)(r2 + β2)
. (41)
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Then,

R0 =
α1α2

(r1 + β1)(r2 + β2)
N1N2. (42)

6 Numerical experiments for vertical transmis-

sion model

For numerical tests with vertical transmission, we assume the hypotheses, initial

conditions and parameters used in the previous text and additionally, the fertility

rate k = 1.74/1, 000, 000 inhab. [25]; contamination rate of babies born of infected

mothers k̄ = 0.07 (adopted); syphilis induced death rate for babies δ̄ = 0.006307

(adopted). Additionally, following the same methodology used in the previous case,

were used the initial conditions Ip(0) = 1, 360 and Sb(0) = Ib(0) = 0. It should

be noted that the C and R populations are home to the two classes of infected

(Im and If ) . Thus, r1, r2, b1 and b2 were multiplied by 0.5 in order to avoid incon-

sistencies. Figure 7 shows the behavior of the accumulated population of infected

pregnant women, infected babies and babies death due to syphilis during the period

of 1 year, such a solution denotes the growth of these populations. As in the pre-

vious experiment, the data used are for the year 2017, so the figures obtained are

for 2018. Note that the results are in agreement with the official statistics observed

in [23]. In fact, in 2018 there were 63,182 cases of pregnant women infected with

syphilis, 26,441 cases of infected babies and 261 dead babies. So this experiment

also got a plausible result when compared to real data.

Figure 7: Numerical Solution of the Syphilis Vertical Transmission Model for Brazil in 2018.
Source: Authors.

Figure 8 shows the evolution of R(t). It is noted that the speed of contamination,
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in fact, decreases throughout the year, which justifies the drop in the number of

cases in 2019 and the 1st semester of 2020, as found in [23]. In addition, Figure

5 confirms this fact, when the curve seen in 8 is compared to the curves for male

and female infected populations, we can see that they show the same behavior.

Therefore, syphilis was endemic in 2018, which means that there would be no risk of

an epidemic of this disease in the near future. However, within the time of analysis

(1 year), there will be no eradication of the disease. However, we must consider the

limitations of the model (does not consider transmission between people of the same

sex and does not consider the possibility of reinfection), the intrinsic uncertainties in

the data reflected in the estimates of the rates used, and also the underreporting of

cases, which we know to be an important factor. As the only effective public policy

to combat the spread of syphilis in pregnant women is prenatal care [22], the result

obtained may reflect a low adherence to prenatal care that leads to underreporting

of cases.

Figure 8: R(t) for Vertical Transmission Model. Source: Authors.

7 Discussions and conclusions

Based on the models portrayed in this work, it is presented, through mathematical

modeling, a tool that can help in controlling the epidemic of the disease in our coun-

try. Bearing in mind the severity of syphilis in Brazil, where the number of cases

is alarming, strongly affecting the population of pregnant women [22], for example,

studies that help in understanding the transmission process in the population are of

great use.

Indeed, the work validated the proposed models with data publicly provided by

Cadernos do IME - Série Matemática, Rio de Janeiro, RJ, n. 16, 2021 - DOI: 10.12957/cadmat.2021.60164



46 D. S. de Albuquerque; C. M. Dias Modeling the vertical transmission of Syphilis

the Ministry of Health [23], in addition to being able to predict the fall of cases in

the following year, by calculating the R0.

The model parameters are significant sources of uncertainty, which shows the im-

portance for modeling of having available and reliable data and also of using safe

mathematical techniques for parameter estimation. In this work, the parameters

were not estimated using statistical techniques, for example, leaving for future de-

velopments the most accurate estimate of these, which will collaborate a lot with the

quality of the simulations. All of this information is important to set up a plan to

contain or eradicate the disease, and even set up strategies that prevent an increase

in the number of deaths due to syphilis, especially in children under 1 year of age.
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