
Cadernos do IME - Série Matemática
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Resumo

Neste artigo, apresentamos uma nova classe de matrizes que não possuem sub-
matrizes singulares sobre um corpo de caracteŕıstica arbitrária. Para fazer isso,
primeiro calculamos o determinante de certos tipos de matrizes quadradas, que
estão relacionadas às conhecidas matrizes de Cauchy, Toeplitz e Hilbert em caso
especial. Também é mostrado que todos os menores dessas matrizes têm posto
máximo. Finalmente, aplicando-se nossos resultados, determinamos o posto de
uma nova classe de matrizes introduzidas no nosso estudo.
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Abstract
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1 Introduction and main result

The Theory of Matrices has an important role in the progresses of fundamentals and

researches in different areas of Mathematics as well as Physics and Computer Science.

Some classes of matrices, including the Chauchy, Toeplitz, and Hilbert matrices have

most applications among the whole theory [2, 3, 4, 8].

In this paper, we will consider a certain class of matrices which are related to the

aforementioned classes in a special case and have an interesting property that all of

their sub-matrices are non-singular. The matrices with this property have applications

in Computer Communications and Coding Theory [6].

Throughout this paper, we fix a field of any characteristic denoted by F. We assume

that {a0, . . . , an} is a set of pairwise distinct elements in F∗ for a natural number n ≥ 3.

For any given integer r such that 2 ≤ r < n, we consider the (n − r) × (r + 1) matrix

C := [C(i−r,j)] such that for 0 ≤ j ≤ r and r+1 ≤ i ≤ n the entries C(i−r,j) are given by

C(i−r,0) = (−1)r
∏
ℓ∈I

(ai − aℓ) ·
∏

e<ℓ∈I0

(aℓ − ae)

C(i−r,j) = (−1)r+jai ·
∏
ℓ∈Ij

aℓ ·
∏
ℓ∈Ij

(ai − aℓ) ·
∏

e<ℓ∈Ij

(aℓ − ae)

Dr = (−1)r
∏
ℓ∈I

aℓ ·
∏

e<ℓ∈I

(aℓ − ae),

(1)

where I = {0, 1, . . . , r} and Ij = I\{j} for j ∈ I. We define Cn
r = [C|D] as an

(n− r) × (n + 1) blocked matrix, where D is a (n− r) × (n− r) diagonal matrix with

entries Dr. We note that a particular choice of the set of ai’s in characteristic zero

shows that the square sub-matrices of C are related to the Cauchy, Toeplitz and Hilbert

matrices. For more details, see Remark 1 in Section 2.

The main goal of this paper concerns with proving the following theorem.

Theorem 1.1. Notation being as above, the followings hold:

(i) For m ≤ min{r + 1, n − r}, all of the m × m sub-matrix of C = [C(i−r,j)] are

non-singular; hence C has maximal rank equal to min{n− r, r + 1}.

(ii) The matrix Cn
r has the full rank n− r.

We note that in the positive characteristic case, the above theorem shows that all of

the square sub-matrices of C and hence Cn
r are non-singular. Thus these matrices can
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be used in Computer Communications and Coding Theory, as in [6]. The readers may

found this as an interesting research topic.

The present paper has been organized as follows. In Section 2, we recall the definition

and determinant of the some known classes of matrices over fields of any characteristics.

In Section 3, we calculate the determinant of a certain square matrix that are related

to the Cauchy, Toeplitz and Hilbert matrices. Finally, in Section 4, we use the result of

Section 3 to prove Theorem 1.1.

2 Some well-known classes of matrices

In this section, we recall three well-known classes of matrices which are widely used in

the different branches of Mathematics.

2.1 Cauchy Matrix

In 1841, Augustin-Louis Cauchy introduced a certain type of matrices with particular

properties, see [1, 7]. Here, we recall the definition and determinant of those matrices.

Given a positive integer m and two disjoint sets {x1, . . . , xm} and {y1, . . . , ym} of

mutually different nonzero elements in F, an m×m square Cauchy’s matrix is

Xm = [xij] where xij =
1

xi − yj
, 1 ≤ i, j ≤ m.

It can be easily seen that any square sub-matrix of a Cauchy’s matrix is itself a

Cauchy’s matrix. The determinant |Xm| of a Cauchy’s matrix is known as Cauchy’s

determinant in the literature, which is always nonzero because xi ̸= yj, and can be

calculated by,

|Xm| =

∏
i<j∈{1,...,m}

(xj − xi) · (yi − yj)∏
i,j∈{1,...,m}

(xi − yj)
. (2)

On can find the above formula in the equation (4) of [9], or the equation (10) in page

154 of [1].
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2.2 Hilbert Matrix

In [5], Hilbert introduced a certain square matrix which is a particular case of the

Cauchy’ square matrix. The Hilbert’s matrix is an m×m matrix as follows

Hm = [hij], with hij = 1/(i+ j − 1), 1 ≤ i, j ≤ m.

Using the formula (2), it is easy to calculate the determinant of a Hilbert’s matrix as

|Hm| =
c4m
c2m

, with cm =
m−1∏
i=1

i!.

The determinant of Hm is the reciprocal of a well known sequence {cm}∞m=1 of integers

(see the sequence A005249 in OEIS [10]) which are defined by the following identity,

1

|Hm|
=

c2m
c4m

= m! ·
2m−1∏
i=1

(
i[
i
2

]).
2.3 Toeplitz Matrix

The other class of matrices, which we are going to recall here, are called the Toeplitz’s

matrix introduced by Otto Toeplitz, see [11, 12].

An m×m Toeplitz matrix with entries in F is a square matrix as

Tm :=



t0 t1 t2 · · · · · · tm−1

t−1 t0 t1
. . . . . .

...

t−2 t−1
. . . . . . . . . · · ·

...
. . . . . . . . . t1 t2

...
. . . . . . t−1 t0 t1

t1−m · · · · · · t−2 t−1 t0


.

The Toeplitz matrices are one of the most well studied and understood classes of matrices

which appeared in most areas of Mathematics, say algebra [8], algebraic geometry [3],

and graph theory [4].
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3 Determinant of a certain square matrix

In this section, we compute the determinant of certain square matrices, which are related

to the determinant of Cauchy’s matrix. For a given integer m ≥ 1 and two disjoint sub-

sets {x0, x1, . . . , xm} and {y1, . . . , ym} of distinct elements in F, we define the following

(m+ 1)× (m+ 1) matrix:

Ym =



1
x0

x0 − y1

x0

x0 − y2
· · · x0

x0 − ym

1
x1

x1 − y1

x1

x1 − y2
· · · x1

x1 − ym
...

...
...

. . .
...

1
xm

xm − y1

xm

xm − y2
· · · xm

xm − ym


. (3)

The following proposition gives a formula to compute the determinant of Ym.

Proposition 3.1. For any integer m ≥ 1, the determinant of Ym can be computed by

|Ym| =

(−1)m
m∏
j=1

yj ·
∏

1≤i<j≤m

(xi − xj) ·
∏

0≤s′<s≤m

(xs − xs′)

m∏
i=0

m∏
j=1

(xi − yj)

.

Proof. First of all, for any three distinct elements u, v, and w in F, we have:

u(v − w)− v(u− w) = −w(u− v). (4)

Subtracting the first row of the matrix Ym from the other ones leads to

|Ym| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
x0

x0 − y1
· · · x0

x0 − ym

0
x1(x0 − y1)− x0(x1 − y1)

(x0 − y1)(x1 − y1)
· · · x1(x0 − ym)− x0(x1 − ym)

(x0 − ym)(x1 − ym)

...
...

. . .
...

0
xm(x0 − y1)− x0(xm − y1)

(x0 − y1)(xm − y1)
· · · xm(x0 − ym)− x0(xm − ym)

(x0 − ym)(xm − ym)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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Then, using the equality (4), we have

|Ym| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
x0

x0 − y1
· · · x0

x0 − ym

0
−y1(x1 − x0)

(x0 − y1)(x1 − y1)
· · · −ym(x1 − x0)

(x0 − ym)(x1 − ym)

...
...

. . .
...

0
−y1(xm − x0)

(x0 − y1)(xm − y1)
· · · −ym(xm − x0)

(x0 − ym)(xm − ym)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

By extracting −yj/(x0 − yj) from each of the (j + 1)-th column and xi − x0 from each

of the (i+ 1)-th rows for 1 ≤ i, j ≤ m, we obtain

|Ym| = (−1)m
m∏
j=1

yj
(x0 − yj)

·
m∏
i=1

(xi − x0) ·

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1

(x1 − y1)

1

(x1 − y2)
· · · 1

(x1 − ym)

1

(x2 − y1)

1

(x2 − y2)
· · · 1

(x2 − ym)

...
...

. . .
...

1

(xm − y1)

1

(xm − y2)
· · · 1

(xm − ym)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

where the last determinant is the Cauchy determinant of a square m × m Cauchy’s

matrix Xm, hence using formula (2), we have

|Ym| = (−1)m
m∏
j=1

yj
x0 − yj

·
m∏
i=1

(xi − x0) ·

∏
1≤s′<s≤m

(xs − xs′) ·
∏

1≤i<j≤m

(yi − yj)

m∏
i=1

m∏
j=1

(xi − yj)

,

=

(−1)m
m∏
j=1

yj ·
∏

1≤i<j≤m

(yi − yj) ·
∏

0≤s′<s≤m

(xs − xs′)

m∏
i=0

m∏
j=1

(xi − yj)

.

Remark 1. The determinant of Ym, in a particular case, is related to the determinant of

a certain m×m Toeplitz and hence the Hilbert matrix. Indeed, considering x0 = 0, xi =

1/i and yj = 1/(m + j) for 1 ≤ i, j ≤ m, and doing some algebraic simplifications, one
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can get that:

Ym =



1 0 0 · · · 0

1
m+ 1

m

m+ 2

m+ 1
· · · 2m

2m− 1

1
m+ 1

m− 1

m+ 2

m
· · · 2m

2m− 2
...

...
...

. . .
...

1
m+ 1

2

m+ 2

3
· · · 2m

m+ 1

1 m+ 1
m+ 2

2
· · · 2m

m


.

Then, factoring m+ i from (i+ 1)-th column for 1 ≤ i ≤ m, one can see that

|Ym| =
m∏
i=1

(m+ i) ·

∣∣∣∣∣ 1 0

1 Tm

∣∣∣∣∣ = (2m)!

m!
· |Tm| = (−1)k

(2m)!

m!
· |Hm|,

where Tm is the m×m Toeplitz matrix with ti = 1/(m+ i) for 0 ≤ |i| ≤ m−1, k = m/2

if m is even and k = (m − 1)/2 if m is odd. We note that the last equality comes by

changing i-th row with (m− i+ 1)-th row of Tm for 1 ≤ j ≤ k, with k as above.

4 Proof of Theorem 1.1

Assume that n ≥ 2 is an integer and a0, a1, · · · , an are distinct nonzero elements of F.
We let d(ℓ, e) = aℓ − ae for indexes 0 ≤ ℓ ̸= e ≤ n. Let r and m be integers satisfying

1 ≤ m ≤ r + 1 ≤ n− r and consider the following m×m sub-matrix

Cm =


C(i1−r,e1) C(i1−r,e2) · · · C(i1−r,em)

C(i2−r,e1) C(i2−r,e2) · · · C(i2−r,em)

...
...

. . .
...

C(im−r,e1) C(im−r,e2) · · · C(im−r,em)

 ,

where r+1 ≤ i1, . . . , im ≤ n and 0 ≤ e1, · · · , em ≤ r, of the matrix C = [C(i−r,j)] defined

in Section 1. To prove the part (i) of Theorem 1.1, we demonstrate the following two

cases:
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Case 1: If 0 = e1 < e2 < · · · < em ≤ r then Cm has nonzero determinant given by

|Cm| = (−1)m(r+1)+e2+···+em−1 ·

(∏
ℓ∈I

aℓ

)m−1

·
∏

k<ℓ∈I0

d(ℓ, k) ·
m∏
j=2

 ∏
k<ℓ∈Iej

d(ℓ, k)


·

 m∏
s=1

∏
ℓ∈I\{e2,··· ,em}

d(is, ℓ)

 ·
∏

2≤k<ℓ≤m

d(ik, iℓ) ·
∏

1≤s′<s≤m

d(is, is′).

(5)

By the equation (1), for 1 ≤ s ≤ m we have:

C(is−r,0) = (−1)r
∏
ℓ∈I

d(is, ℓ) ·
∏

k<ℓ∈I0

d(ℓ, k)

C(is−r,ej) = (−1)r+ej ais ·
∏
ℓ∈Iej

aℓ ·
∏
ℓ∈Iej

d(is, ℓ) ·
∏

k<ℓ∈Iej

d(ℓ, k)

Extracting (−1)r
∏

k<ℓ∈I0 d(ℓ, k) from the first column and factoring the term

(−1)r+ej
∏
ℓ∈Iej

aℓ ·
∏

k<ℓ∈Iej

d(ℓ, k)

from the ej-th column (2 ≤ j ≤ m) of the matrix Cm, one obtains that

|Cm| = (−1)mr+e2+···+em
∏

k<ℓ∈I0

d(ℓ, k) ·
m∏
j=2

∏
ℓ∈Iej

aℓ ·
∏

k<ℓ∈Iej

d(ℓ, k)

 · |C ′
m|, (6)

where C ′
m is the following m×m matrix

C ′
m =



∏
ℓ∈I

d(i1, ℓ) ai1
∏
ℓ∈Ie2

d(i1, ℓ) · · · ai1
∏

ℓ∈Iem

d(i1, ℓ)

∏
ℓ∈I

d(i2, ℓ) ai2
∏
ℓ∈Ie2

d(i2, ℓ) · · · ai2
∏

ℓ∈Iem

d(i2, ℓ)

...
...

. . .
...∏

ℓ∈I

d(im, ℓ) aim
∏
ℓ∈Ie2

d(im, ℓ) · · · aim
∏

ℓ∈Iem

d(im, ℓ)


.
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Then, dividing the s-th row by
∏
ℓ∈I

d(is,ℓ) for 1 ≤ s ≤ m, we obtain

|C ′
m| =

m∏
s=1

∏
ℓ∈I

d(is, ℓ) ·

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
ai1

d(i1, e2)
· · · ai1

d(i1, em)

1
ai2

d(i2, e2)
· · · ai2

d(i2, em)
...

...
. . .

...

1
aim

d(im, e2)
· · · aim

d(im, em)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

By Proposition 3.1, the last determinant is equal to |Ym−1| defined by the sets {ai1 , · · · , aim}
and {ae2 , · · · , aem}. Thus,

|C ′
m| =

m∏
s=1

∏
ℓ∈I

d(is, ℓ) ·

(−1)m−1

m∏
j=2

aej ·
∏

2≤k<ℓ≤m

d(ik, iℓ) ·
∏

1≤s′<s≤m

d(is, is′)

m∏
s=1

m∏
ℓ=2

d(is, eℓ)

(7)

Finally, putting (7) and (6) together, doing some algebraic simplification, one can get

the desired equation (5), which is nonzero, since all of ai’s are distinct.

Case 2: If 1 ≤ e1 < e2 < · · · < em ≤ r, then Cm has nonzero determinant given by

|Cm| = (−1)mr+e2+···+em ·
m∏
s=1

ais ·
m∏
j=1

∏
ℓ∈Iej

aℓ ·
∏

k<ℓ∈Iej

d(ℓ, k)


·

 m∏
s=1

∏
ℓ∈I\{e1,··· ,em}

d(is, ℓ)

 ·
∏

1≤k<ℓ≤m

d(ek, eℓ) ·
∏

1≤s′<s≤m

d(is, is′).

(8)

Extracting (−1)r+ej ·
∏
ℓ∈Iej

aℓ ·
∏

k<ℓ∈Iej

d(ℓ, k) from ej-th column and ais ·
∏
ℓ∈I

d(is, ℓ) from

s-th row of Cm, for 1 ≤ s, j ≤ m, lead to the following

|Cm| = (−1)mr+e1+···+em

m∏
j=1

∏
ℓ∈Iej

aℓ ·
∏

k<ℓ∈Iej

d(ℓ, k)

 ·
m∏
s=1

(
ais ·

∏
ℓ∈I

d(is, ℓ)

)
· |Xm|

where Xm is the Cauchy matrix defined by {ai1 , · · · , aim} and {ae1 , . . . , aem}. By using

the Cauchy’s determinant formula (2), and doing some simplifications one can get the
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10 S. Salami On certain matrices related to the Cauchy and Toeplitz matrices

desired formula 8 for |Cm|, which is clearly nonzero. Thus, we have completed the proof

of part (i) of Theorem 1.1.

Finally, in order to prove the part (ii), we recall that Cn
r = [C|D] is an (n−r)×(n+1)

blocked matrix, for the integers 2 ≤ r < n, where C = [C(i−r,j)] is (n − r) × (r + 1)

and D is an (n− r)× (n− r) diagonal matrix with entries Dr. By part (i) of the main

theorem, any m × m sub-matrix of the matrix C has nonzero determinant and hence

C has maximal rank equal to min{n − r, r + 1}. It is clear that the matrix D has full

rank equal to n− r. By exchanging the columns, if it is necessary, one can see that any

(n − r) × (n − r) sub-matrix of Cn
r is a diagonal blocked matrix with blocks equal to

Dr or m ×m sub-matrices of C with 1 ≤ m ≤ min{n − r, r + 1}, which have non-zero

determinant. Therefore, any (n−r)×(n−r) sub-matrix of Cn
r has nonzero determinant,

and hence it has maximal rank n− r, as desired.

5 A numerical example

Here, we provide a numerical example for the main theorem over R the field of real

numbers and F11 the finite field with 11 elements. We take r = 3, n = 7 and ai = i+ 1

for 0 ≤ i ≤ 7. Then, we have D3 = −288 ≡ 9 (mod 11) and

C7
3 =


−48 2880 −2880 1440 −288 0 0 0

−240 12960 −11520 4320 0 −288 0 0

−720 36288 −30240 10080 0 0 −288 0

−1680 80640 −64512 20160 0 0 0 −288



≡


7 9 2 10 9 0 0 0

2 2 8 8 0 9 0 0

6 10 10 4 0 0 9 0

3 10 3 8 0 0 0 9

 ( mod 11)

We note that the rank of above matrix is 4 as desired and the sub-matrix

C =


−48 2880 −2880 1440

−240 12960 −11520 4320

−720 36288 −30240 10080

−1680 80640 −64512 20160

 ≡


7 9 2 10

2 2 8 8

6 10 10 4

3 10 3 8

 ( mod 11),
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has determinant |C| = 40131624960 ≡ 9 (mod 11). One can easily check that its 2 × 2

and 3 × 3 sub-matrices have nonzero determinants as desired. We leave the details for

the interested readers.
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