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STUDYING THE MOTION WITH TIME-VARIABLE
ACCELERATION

ESTUDANDO O MOVIMENTO COM ACELERACAO VARIADA NO TEMPO

ANDERSON CORTEZ-CALDERINI*
CELIA MARTINS CORTEZ"

Resumo

Neste trabalho é feita uma exposicdo didatica do desenvolvimento diferencial/integral,
que leva ao modelo matematico que descreve o movimento retilineo em sua forma mais geral,
tomando como ponto de partida o conceito bem conhecido da aceleracdo como a taxa de
variacao da velocidade.
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Abstract

In this work a didactic exposition of the differential/integral development is made,
which leads to a mathematical model that describes the rectilinear motion in its most general
form, taking as a starting point the well-known concept of acceleration as the rate of change of
velocity.
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1 Introduction

The study of the behavior of a phenomenon involving several variables starts, in
general, by changing the value of one of them, while the values of the others are kept
constant. Based on this method, Galileo introduced the concept of acceleration, showing
that the velocity varied with time according to the equation: a=°v/°t, thus conceptualizing
the acceleration of a material body as the rate of change of its velocity with respect to
time [1,2].

In search of a more favorable condition for investigating the behavior of objects

in free fall, Galileo used the inclined plane to analyze naturally accelerated downward
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motion. Thus, he found that the distance travelled by an object in uniformly accelerated
motion increases directly with the square of the time spent moving, and that the speed of
a free-falling object depends only on the height at which it begins its fall. [1,2]

Later, Newton showed the origin of acceleration, when he related it to the force
acting on the body, which makes its speed vary. He also evidenced the inverse
relationship of this variation with the body mass, as expressed by his second law: a = F /
m. In this one, acceleration also presents itself as a rate of change, now between the
acting force and the mass of the body. [2,3]

In his studies of Kinematics, Newton related the displacement, velocity and
acceleration of bodies through the formalism of differential and integral calculus, being
the first scholar dedicated to the development of this very valuable mathematical tool
[4]. He also introduced the concepts of force, impulse, energy and potency [3].

It is known that acceleration can be positive or negative and that velocity has
vector representation [5]. But, regardless of the signal, an interesting question is the
relation of velocity and displacement of a body, or a material particle, with acceleration,
when it varies in time, and therefore cannot be taken as a rate of velocity variation.

The objective of this work is to expose the differential/integral development that
leads to the mathematical model capable of describing the time-varying rectilinear

motion in its most general form.

2 Uniformly Accelerated Motion - UAM

Starting from the concept of acceleration (a) as the rate of change of velocity

over time, we can write that

dv=adt, (1)

whose integration [6] provides the well-known equation that describes the velocity in

UAM:

v(t|=v, +at, 2
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where Vv, corresponds to the initial velocity (for t=0). Considering the differential

equation of motion of a body, dS=v(t)dt, substituting Eq. 1 into this and integrating,

f dS:f (v, +at)dt, we get

2
s=vot+%+so, 3)

which is precisely the equation used to calculate the displacement (S) of the body in the
UAM, where S, is the integration constant that corresponds to the initial position of the

body/particle (for t=0).

3 Variable Acceleration Motion - VAM

3.1 First-order Temporal Variation of the Acceleration

Now, considering the differential equation
da=p.dt, 4)

where p is the constant, the acceleration of this motion will be given by following

equation:

a(t)=p.t+a,, ®)

where @, is the initial value of the acceleration (for t=0). Applying to Eq. 5 into Eq. 1,

one can write f dv:f (p.t+a,)dt, whose solution provides a second-order equation in ¢

for velocity:

2
v[t]:vo+aot+%. (6)

and the corresponding displacement in this motion is given solving the integral:

Jas=

p.t’
vo+aot+T dt

then,
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2 3

at p.t
S(t)=S +v t+—+——. 7
(¢) o™ Vo 2 3.2 )

which is a third-order equation in t.

Figure 1 shows the plots representing equations 2, 3, 6, and 7. Figure 1(a) shows
the velocity plot for UAM (Eq. 2), para a = 2 m/s’, as well as the plot for velocity in the
uniform motion (UM), for v = 2 m/s. The plot for the second-order velocity equation
(Eq. 6) is shown in Figure 1(b), the hatched area corresponds the displacement. Figure
1(c) allows the comparison of displacement in UAM and VAM (Eq. 7), for p=2.
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Figure 1: (a) Velocity varying with time for UM and UAM (Eq. 2). (b) Velocity varying with time,
according to Eq. 6. (c) Displacement varying in time, according to Eq. 3 and Eq. 7 for p=2.

3.2 Second-order Temporal Variation of the Acceleration

From Eq. 7 we can find what will happen if p the one himself varied over time, so

that dp=q dt, being a constant. By following the same steps as above, we can make
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[ dp=] qat. (8)

and pP=pP,*q.t, )
and replacing Eq. 9 into Eq. 4, we can write that f da=f (p,+q.t)dt, which generates a

second-order acceleration equation, that is:

2

a(t)=ao+pot+q'2t . (10)

2
Substituting Eq. 10 into Eq. 1 and integrating, [ dv=[|p,t+<%+a,|dt, we find
g Eq q grating Pol+=

a third-order equation for velocity:

2 3
pot qt
tl=v +a t+—+*1— 11
vit|=v,+a, IR (11)

and the displacement of body in this motion will be given from solution of

dt, being

qt®  pot’
3—2+T+aot+vo

Jas=

at 2 £
S=S 4y t4 2ot Pt gt (12)
oot Ty T 397432

Thus, Eq. 12 allows to estimate the displacement of a body performing a variable
acceleration motion. In this, the acceleration depends on p (which varies with t and q is

the proportionality constant) being the initial value p=p,.

4. Third-order Temporal Variation of the Acceleration

We can continue from Eq. 12, now verifying the evolution of the motion if the g

also varies with time, being dq=rdt and r is constant. So, by following the same steps

above, we can rnakef dq= f rdt, which gives
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q(t)=q,+rt, (13)

and substituting Eq. 13 into Eq. 8 and integrating, we have that:

(14)

which properly replaced into Eq. 4, f da:f dt, provides the third-order

2
rt
& Tt Po
acceleration equation, which has the following form:

3

2
, t
a[‘t]:ao+pot+q°7+;—tz. (15)

Replacing Eq. 15 into Eq. 1 and integrating, we get the equation that describes a fourth-

order equation for velocity that is

3 4

2
pot +qot + rt
2 3.2 43.2

V=V +a,t+

(16)

and the fifth-order equation for displacement is

2 3 4
aot +pot + qot + rt5

S=S +v t+
° e 2 3.2 43.2 54.3.2

(17)

5. Velocity and Displacement Equations in Form General

Eq. 16 forms a series in t, and can be written as follows
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C,,Cut C2t2 c,t® C,t
v=—o + +
o "1 T2 TTar T4

(18)

that is,

(19)

where C,=v,, C,=a,, C,=p,, C;=q, C,=r, e i€ N, and Eq. 17 forms the

following series
C,t' C,t° C,t° Cit* C,t

ST o T Y s (20)

Thus, the general form of equation of the displacement is:

C t1+1
S.= S+Z ([ 1)] (21)

Figure 2 shows the graphs obtained with Eq. 18 and Eq. 20, which correspond to
UM, UAM and VAM.
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Figure 2: Displacement and velocity in VAM according to Eq. 18 and Eq. 20, respectively.
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6. Analyzing the General form of the Equations for VAM

From Eq. 21, it is possible to calculate the variation of space in time for any type
of rectilinear motion. Each additional term in this equation represents the condition of a
temporal variable involved in the described motion. Note that considering

CO

C,=...=C,=0, Eq. 19 and Eq. 21 reduce to: v:a:CO:vO: cte and S=v,t+S,,
respectively, evidencing that the first two terms of Eq. 21(or Eq. 20) correspond to the
displacement equation in UM. When C,=...=C_=0, Eq. 19 and Eq. 21 reduce to Eq. 2
and Eq. 3, respectively, corresponding to the velocity and displacement in the UVM.

For C;=...=C_=0, equations generate from Eq. 19 and Eq. 21 also include,

2

. . . t
respectively, their terms of second and third orders: v:p ; +a,t+v, and

3 2
_ Pt ayt

S= +—2—+v t+S , and so progressively.
32 Ty TVelToo prog y

Thus, it can be understood that Eq. 19 and Eq. 21 represent the most general
form for calculating the velocity and displacement of a body in rectilinear motion.
Table 1 summarizes the type and characteristics of the motion according to these
equations, where each term represents the i-order temporal dependence of rectilinear

motion, and i can range from zero to infinity.

Table 1. Time-dependence order, type and characteristics of motion, according
to Eq. 19 and Eq. 21.

Order . - Type of  Constant Quantity
0) Motion Characteristics Motion ()

0 Constant velocity UM Velocity

1 Constant Acceleration UAM Acceleration

’ Acc_eleratlon Vilrymg with the time, VAM p
a(t)=p.t, for p = constant.
Acceleration varying with a(t)=p.t,

3 being p(t)=q.t, and g = constant. VAM q
Acceleration varying with a(t)=p.t,

4 being p(t)=q(t).t, q(t)=r.t, and r = VAM r

constant.
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7. Conclusions

Starting from the basic concept of acceleration as being the rate of variation of
velocity in time, differential/integral development led us to a power series that can be
understood as the most general form of the description of rectilinear motion. Each term
in Eq. 19 and Eq. 21 represents an order of temporal dependence of the velocity and
displacement, respectively. The first three terms in these equations refer to UM and
UAM, and the others refer to VAM, being contributions due to temporal variations of

parameters that influence on the acceleration.
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