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Abstract
Modern portfolio theory deals with the combination of assets into a portfolio. It has diversifi-
cation and maximization of expected utility as foundational principles. Its purpose is to find the
portfolio which best meet the objectives of the investor. Markowitz [5] and Athayde e Flores [2] have
characterized the portfolios as solutions of constrained optimization problems. However, the rela-
tionship between the proposed problems and the utility maximization principle is not clear. Taking
into account the results of Scott and Horvath [10], we prove that such problems correspond to the

maximization of the expected utility of the investor that underlies each model.

1 Introduction

A portfolio consists of several assets selected for investment gains. The portfolio selection may be divided
into two stages: the analysis of available assets and the combination of selected assets into a portfolio.
The modern portfolio theory deals with the second stage.

Utility theory is the foundation for the theory of choice under uncertainty. A utility function measures
investor’s relative preference for different levels of total wealth. For von Neumann and Morgenstern [7], a
rational investor selects, among a set of competing feasible investment alternatives, an investment which
maximizes his expected utility of wealth (see Rose [8]).

In Markowitz [5], the optimal portfolio minimizes the risk for a given level of return. In Athayde
and Flores [2], the optimal portfolio minimizes the risk for given levels of return and skewness. None of
these models addresses investor’s expected utility. The relationship between the proposed optimization
problems and the utility maximization principle is not clear. Taking into account the results of Scott and
Horvath [10], we analyze the maximization of the expected utility underlying the models of Markowitz [5]
and Athayde and Flores [2].

The paper is organized as follows: Section 2 deals with the Markowitz [5] and Athayde and Flores [2]
approaches. In Section 3, we briefly present Scott and Horvath [10] results on preferences on distribution
moments. Finally, in Section 4, we analyze the underlying expected utility of the models of Markowitz [5]

and Athayde and Flores [2].
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2 Portfolio Selection Models

In this section we describe Markowitz [5] and Athayde and Flores [2] portfolio selection models. In both
models, short sales are allowed and they consider n risky assets and a riskless one. The return R; of the
i-th asset is a random variable with mean p; and r¢ is the risk free rate of return. Let R denote the
n x 1 vector whose i-th element is R; and M; denote the n x 1 vector whose i-th element is u;. Let
M, denote the symmetric n x n matrix whose (7, j)-th element is the covariance o;; between the two
random variables R; and R;. Notice that M; and M, stand for the matrices containing the expected
returns and covariances of the random vector R of n risky assets. That is M; is the expected value
of R and My, its variance Var(R) = E[(R — M;)(R — M;)"], where * is the symbol for transposition
and E[X] is the expected value of the random variable X. Let M3 denote the n x n? matrix whose
elements are the skewnesses of the random vector R. That is a generic element o5, of Mj is given by
oijk = E[(Ri — i) (Rj — pj) (R — )] and Mz = E[(R—M;)(R—M;)! @ (R —M;)], where ® denotes
the Kronecker (tensor) product. If [1] stands for the n x 1 vector of 1’s, the expected (excess) return x
of the random vector of n assets R is given by x = My — [1]ry.

The assets are combined in the portfolio in some proportion. Let a € R™ a vector of weights. Notice
that each component «; of « is the number of units (shares) held of asset . The mean return, variance
and skewness of the portfolio with these weights will be, respectively: a'x, a!Msa and o?Mjz(a ® ).

Markowitz [5] considers the two first moments (mean and variance) in his portfolio selection model. If
short sales are allowed, the investor portfolio corresponds to finding vector of weights o on the risky assets
that minimizes the variance for a given expected return E(ry,). Calling R the given (excess) portfolio
return E(r,) — ry, the mean-variance efficient portfolio is the solution of the constrained optimization
problem:

min o'Msa
o (2.1)
a'x=R

Athayde and Flores [2] consider the three first moments (mean, variance and skewness) and allow
short sales. They characterize the efficient portfolios set for n risky assets and a riskless one under the
assumption that agents like odd moments and dislike even ones. The investor portfolio corresponds
to finding vector of weights « on the risky assets that minimizes the variance for a given expected
return E(r,) and skewness 0,3s. As before, calling R the given (excess) portfolio return E(r,) — 7y, the

mean-variance-skewness efficient portfolio is a solution of the constrained optimization problem:
min o’ Moo
(03
a'x =R (2.2)
o'Ms(a® a) = oy

Since mean-variance analysis takes into account only the first two moments, it is consistent with

expected utility maximization if either investors have quadratic utility or portfolio returns are normally
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distributed, i.e. the moments with order strictly greater than two are null. (Amenc and Le Sourd [1]).
Similarly, in Athayde and Flores model, we have an utility fucntion fully described by the three first
moments: mean, variance and skewness. In [5], Markowitz presents the solution of the convex quadratic

problem (2.1). For results on the existence of solution to (2.2), see Martins, Vasconcellos and Silva [6]

3 Directions of preference for moments

In this section, we briefly present results on preferences on distribution moments developed by Scott and
Horvath [10]. Let wg be the initial investor’s wealth and r a random variable representing relative return
on investiment. The investor’s utility function U = U(wgy + rwp) quantifies the utility to an investor of
the relative return r on initial wealth wy. Let p denote the mean of wy 4+ wor. They expand the utility

function U in a Taylor series around p and take the expected value to obtain

=

B(U) = U) + Y 509 (), (33)
=2

where U®) denotes the i-th derivative of U and y; is the i-th central moment.

Theorem 3.1 (Theorem 1, Scott and Horvath [10]). Investors exhibiting positive marginal utility of
wealth for all wealth levels, consistent risk aversion at all wealth levels, and strict consistency of moment

preference will have positive preference for positive skewness (negative preference for negative skewness).

Strict consistency of moment preference means that the coefficient of the i-th moment in (3.3) will
always be positive, zero, or negative regardless of wealth level. The assumptions of Theorem 3.1 can be

expressed by means of the investor’s utility function as
e U'(w) > 0, for all w (positive marginal utility)
e U"(w) < 0, for all w (consistent risk aversion)

and characterize the usual risk averse investor.

Also, having positive preference for positive skewness (negative preference for negative skewness)
means that U"”'(w) > 0, for all w.

For a discussion on the convergence of the infinite Taylor series expansion to the expected utility, see
Lhabitant [3] and Loistl [4].

4 Maximization of expected utility

Using an axiomatic approach, von Neumann and Morgenstern [7] proved that rational choices in uncertain
situations can be represented by a utility function. Utility functions are unique up to positive affine

transformation (multiplication by a positive number and addition of any scalar) (see Rubinstein [9]). The
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relationship between Markowitz [5] and Athayde and Flores [2] optimization problems and the utility
maximization principle is not clear. In Theorems 4.1 and 4.2, we overcome this lack of connection.

In Markowitz model, the moments with order strictly greater than two are null. Thus using the
uniqueness up to positive affine transformation, we may assume from (3.3) that its underlying expected

utility function Ej;(U) is given by

U (1)

EpnU) =U(m) + 9

(4.4)

Similarly, in Athayde and Flores [2] model, we may assume from (3.3) that the underlying expected
utility function Er(U) is given by

Er(U) =U(u) + U//g“)uz + Umé’“)

To study the behavior of the expected utility functions, we consider them as functions of the central

H3- (4.5)

moments u; (i=1,2, ...). Throughout this section, we assume positive marginal utility, decreasing

absolute risk aversion at all wealth levels together with strict consistency for moment preference.

Theorem 4.1. Let the expected utility function Ep(U) as in (4.4). To mazimize Ep(U) with a given

expected return (uy is fized), it is necessary and sufficient to minimize the variance fio.

Proof. Since i is fixed and U”(p1) < 0 (decreasing absolute risk aversion), to maximize Ep(U) in (4.4)

it is necessary and sufficient to minimize the variance pso.

Theorem 4.2. Let the expected utility function Eg(U) as in (4.5). Then,

1. to mazimize Ep(U) with a given expected return and skewness (u1 and ps are fized), it is necessary

and sufficient to minimize the variance .

2. to mazimize Ep(U) with a given expected return and variance (u1 and ps are fized), it is necessary

and sufficient to mazimize the skewness ps.

Proof. 1. Since py and pg are fixed, to maximize Erp(U) in (4.5) it is necessary and sufficient to

maximize %/},2. Decreasing absolute risk aversion assumption implies that U”(u1) < 0. Thus

the maximum is achieved if and only if we minimize the variance puso.

2. Since py and pg are fixed, to maximize Er(U) in (4.5) it is necessary and sufficient to maximize

U/N(Ml)
6

we maximize the skewness.

ps. From Theorem 3.1, we have U”' (1) > 0. Thus the maximum is achieved if and only if

O

5 Final Remarks

We have used the results of [10] to establish a connection between the constrained optimization problems

proposed by Markowitz [5] and Athayde e Flores [2] and the maximization of expected utility principle.
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We have proved that such optimization problems correspond to the maximization of the expected utility

of the investor underlying each of the models.
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