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Abstract

In this paper, we investigate the exponential decay of the energy of the equation
Uy + Nu— M(f |Vu|2dx)Au +a(x)u, =0
Q

with boundary clamped condition and a local linear dissipation of the type a (x) u,. The method of proof
is direct and is based on the multipliers technique and some integral inequalities due to Haraux and we

obtain explicit decay rate.

1 Introduction

In this paper we establish the exponential decay of the energy of solutions for the localized damped

nonlinear equation

u,,+A2u—M(f |Vu|2dx)Au+a(x)u,:0, (1.1)
Q

where M (s), s > 0, is a nonnegative real function, Q is a bounded open set of R” with smooth boundary
0Q. We fix xy € R" and we set

mx)=x—x9, Iog={x€dQ;m(x)-v(x)>0}

and I'y = 9Q \ Iy, where v = v (x) is the outward normal to 0Q.

Let R (xp) = max |m (x)|, a € L (Q) and Va € (L™ (Q))" be a nonnegative function at x € Q such that
xeQ

a(x)>2ay>0 a.e inw (1.2)

where w is a neighborhood of T’y and ay is a positive constant.

When n = 1, M(s) = my + ms, m > 0, equation (1.1) represent the model originally proposed by
Woinowsky-Kriger [20], for the transversal vibrations of an extensible beam subject to an axial internal
force and u (x, 1) is the transverse deflection. If n = 2 the equation (1.1) represent the ’Berger approxima-
tion” of the Von Kdrman equations, modelling the nonlinear vibrations of a plate [15], pg. 501 — 507.

We study (1.1) submitted to boundary clamped conditions described by

P
u:a—zzo(mrxw (1.3)
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and initial data 5
u(x,0) = up (x) and a—l: (x,0) = u; (x) in Q. (1.4)

Decay rates of energy of the wave equations with localized damping was studied by Zuazua [19],
Nakao [14], Tébou [17] and Martinez [12] by differents methods. The same problem in the context of a
Bernoulli-Euler equation (1.1) was investigated by Tucsnak [16], with a linear damping and by Charao
[5] considering a nonlinear damping. Both authors obtained estimates of decay considering the local
damping effetive in a neighborhood of the whole boundary dQ and M (s) = as, @ > 0. In the proof
they used a unique continuation result of Kim [9] and a compactness argument, a technique developed by
Zuazua [19]. This technique introduce in the estimates constants that are not controllable.

We solve the problem through a method introduced by Tébou [17] for the study of the wave equation
which is based on the multipliers technique and on some integral inequalities due to Haraux [7], [8].
As in the proof does not use “compactness-uniqueness” argument the constants that appear in the decay
rate are explicit and do not depend on the initial data. Furthermore the damping is effective only in a
neighborhood of I'y.

The existence and uniqueness of the solutions for (1.1) or similar models has been studied by Ball
[1] and Medeiros [13] among others authors. Decay estimates of solutions when the damping term is
effective everywhere in Q has been studied by Ball [2], Biler [3], Brito [4], Pereira [6] and Vasconcelos
[18].

2 Notations, Assumptions and Main Results

Throughout this paper, we denote by || the norm in L% (Q) and R (xp) = max |m (x)|.
xeQ
The existence and uniqueness of solutions for (1.1) is guaranteed by the following result.

Theorem 2.1. Suppose that Q C R" is a bounded domain with regular boundary and a € L™ (Q) . Then

we have:

1. fuy € H*(Q) N Hg Q), u € H(z) (Q), then the problem (1.1), (1.3) and (1.4) admits an unique

solution u in the class

ue C([0,T1;: H* (Q) n Hi (@) n C' (10, T1; Hy ().

2. Ifuy € Hg (Q), u; € L*(Q), then the problem (1.1) admits an unique solution having the regularity

e C([0,T1; Hy () n C' ([0, T1: L* ().

Proof. The result follows by means of the standard semigroup techniques or Faedo-Galerkin procedure.
For details see [13] and [18].
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The energy associated the (1.1) is given by

1 1 1 -
E@ =3 ol + 5 AP + M (I9u (0P,

where

A
MW = fo M (&) de. 2.5)

It is easy to verify that the energy E satisfies

d
EE(I) = —La(x)

admitting that a (x) > 0, a.e. in , we have that the energy is decreasing.

W (x, 0| dx, (2.6)

The objective of this work is to study the asymptotic behavior in time of the energy for the solutions
of (1.1) when a (x) v’ is effective only in the subset w C Q.

From now on we assume that M € C! [0, +o0) is a increasing function such that
M (A1) > my > 0 forall A € (0, 0). 2.7)
The main result of this paper is the following:

Theorem 2.2. Consider {ug,u;} € HS (Q)XL*(Q). Let w be a neighborhood of Ty, a € L™ (Q) satisfying
(1.2) and M satisfying (2.7). Then there exists a positive constant Ty, such that

E@) < [exp(l - i)]E(O), Vi>0, 2.8)
7o
where T is independent of the initial data.

The following Lemma reduces the proof of Theorem 2.2 to the proof of an appropriate estimate.

Lemma 2.1. Let E : [0,00[ — [0, oo[ be a nonincreasing locally absolutely continuos function and

assume that there exists a constant C > 0 such that
f E()dt<CE(s) Vsel0,o0[. (2.9)

Then
E@ < [exp(l - é)]E(O), VisC. (2.10)

Proof. The proof is due to Haraux and can be found in [7], [8] and Komornik [10].
Let us consider s and 7 real numbers such that 0 < s < T < oo and Q; = Q X ]s, T[ the cylindrical
domain of R"*! with lateral bounded ¥, = " x |s, T[.

The estimate (2.9) is obtained by means of the following lemma:
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Lemma 2.2. Let u be the solution of (1.1), g € (WZ""’ (Q))n, £ € W (Q) and a € R. Then we have the
identities,

T
+

s

1 f (div g — o) (' = |Aul®) dxdt + (u (6),q-Vu@) + Lo (z))
2Jo, 2

oqr 0* 1
+2f Au L 4 dxdt + f a(x)u (q -Vu + Ea'u) dxdt+
05

0x;j 0x;0x; @211
1 d
- f (div g — o) M (|Vul?) [Vuf® dxdt + f M (IVul?) Vu - Vap o dxdr+
2Jo, s Ox
1
+f Au Ag - Vu dxdt = zfq-leulsz,
s ZJ
and ;
W (0, éu®) | - f £(1w'lP = |Aul?) dxdt + f Au A¢ u dxdt+
+2 f Au(Vu - VE) dxdt + f M (|Vul®) Vi - V£ u dxdt+ (2.12)

+ f M (|Vul?)|Vul® £dxdt + f a (x) w'éudxdt = 0.
Ql Q.&
with the summation convention of repeated indices.

1
Proof. The first identity is obtained multiplying the equation in (1.1) by ¢ - Vu + Sou and integrating on
Q;. The identity in (2.12) is obtained by means of the multiplier ué&.

3 Proof of Theorem 2.2

The proof consists in proving the estimate (2.10) and will be done in several steps. It is enought to
consider ug € H* (Q) N H; (), uy € H; (€) and then to use density.
Step 1. Applying (2.11) with @ = n — 1, g (x) = m (x) and observing that div m = n and Ag = 0, we find

T T
3 [ @F 18P 4 b1 (TP R ar+ [ auio -

T
- (3.13)

2
—f a(x)u'(m(x)'Vu+ (n; l)u)dxdt.

Since M is increasing we have that M (s) < sM (s), where M (s) was defined in (2.5), and therefore from
(3.13) follows that

- lfm(x)'leulde— (u’,m(x)~Vu+ ("; l)u)
PN

N

T
f E(dr < —f a () (m(x)'Vu+ (”; l)u)dxdt—

5

1) (3.14)
n—
2

T
u(t)) +% f m(x) - v|Aul® dX.
s PN

- (u’ @), m(x)-Vu(r)+
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Setting,
(n-1)
2

X(@) = (u’ @& ,m(x)-Vu(r) + u (t)) ,
follows that

2
dx +

ul

X (1) < R0 f
Q

R
: (XO)Kg f |Aul? dx < R (xo) max {1, K2} E (1),
Q

2
where K is the immersion’s constant of the HS Q) — Hé Q).
On the other hand, from (2.6) and Holder’s Inequality

—f a(x)u (m(x)-Vu+ (n; l)u)dxdts

s

1 T
< oo R (x0) KZE (5) + 5 f E () dr.

Defining X; (x9) = I'g X (s, T) and remembering that m (x) - v (x) > 0 on I'y we obtain

1 1 R
- f m(x)-v(x)|Aul>dE < = f m(x) - v (x)|Au)> dZ < R(x) |Aul? dX.
2 Js, %, (x0) 2 Jsow
Substituting the above estimates in (3.14) we find
1T R
- f E(t)dt < C\E (s) + (x0) |Aul? d=, (3.15)
2Js 2 Jsow

where C = R (xo) (2max {1, K3} + llall () R (x0) Ko)-

Step 2. Estimate of f |Au)? dX.
Zs(x0)

n
Consider h € (WZ""’ (Q)) such that
h=vonly, h-v>0onI,h=0inQ\ w,

where @ is another neighborhood of Ty strictly contained in w. For the construction of such function to
see Lions [11].
Choosing @ = 0 and ¢ = /4 in the identity in (2.11) we obtain
f h(x)-v(x)|Au* dZ = f divh (Iu’|2 - |Au|2) dxdt + 2 f W (t)h - Vu (t) dx|T+
%, Ox(5,T) @

w

+2f Au Ah - Vu dxdt + 2f a(x)u’ (h-Vu)dxdt—
@x(s.T) ox(s,T)

9
- f divh M(|vu|2) IVul? dxdt + 2 f M(|Vu|2)vu VL dxdi+
ox(s.T) ox(s.T) Oxy (3.16)

oh,  8*u . 2 2 2 2
+4 Au — dxdt < ||div h|; "I + |Au|” + M (|V \Y) dxdr+
f;; A e dxdt = i o L o (P 1 b () 9

+2 f W (t)h-Vu(t)dx|! + Zf Au Ah - Vu dxdt + Zf a(x)u' (h-Vu)dxdt+
7 wx(s,T)

wX(s,T)

9 o,
2 f M ((VulP) Vu - Vi o doxdi + 4 f Au TR ar
Dx(s.T) Oxy ax(sT)  0Xj 0x0x;
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Observing that

o2 f Au Ah - Vu dxdt < 2 |Ahllyq) Ko f \Auf? dxd.
wx(s,T)

wXx(s,T)

I

2
.4f au 20U g < 2|2
oxsT)  0Xj 0x;0x; Ox;

(1+Ky) |Aul® dxdt.
L=(Q) wx(s,T)

1/2

1/2
’ 2
< 2|l ( ﬁ | @) dx) ( ﬁ IV () dx) < 4Ky |Ihll = E (7). There-

2f:u’(t)h'Vu(t)dx

fore

T

2ﬁu' @O h-Vu@)dx| < 8Ky |lhll~q) E(s).

s

T , E@®\"
o2 f a0 (h-Vu) dxdr < f 2VRGo) lally2g, [E @] hll =y Kox/i(lriz)) dr <
wx(s,T) s

1 T
< 4R (x0) K} llall =) ||h||(2Lm(Q))” E(s)+ T(Xo)f E () dt.
Taking in consideration that '

= | Ou
2w

k=1

< n|Vuy|

X

and a(x) > ag > 0 in w, we have:

a
2 f M(|Vu|2)Vu-th—”dxdr < 2IVigll oy 1 f M (|Vul)|Vul dxdt
wx(s,T) Oxy, @x(s,T)

and
T
f [P dxdr < ~ a () || dxdr < if |E (0|dr < ~E(s).
©x(s.T) a0 Jax(s.T) aop Js ao

By the construction of & follows
f |Aul? X = f (h(x) - v () |Aul* d2 < f (h(x) - v (x)) |Aul* dX. (3.17)
Zs(x0) Zs(x0) Z

R
Multipling (3.16) by X&)

, as a consequence of (3.17) and the estimates above we conclude

R
(x0) IAul? dE < CHE (s) + Cs f \Auf® dxdr+
2 Jso x(sT)

LT (3.18)
+Cy f M(|Vu|2)|Vu|2 dxdt + ~ f E (1) dt,
wx(s,T) 4 s

where C,, C3 and Cy4 are constants independents of the initial data.
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Substituting (3.18) in (3.15) we find
L[ )
- E@®dt <(Ci+Cyr)E(s)+Cs |Au|” dxdt+
2 s wx(s,T)

+Cy f M(qu|2> \Vul? dxdt < (C) + C5) E (s) +
wx(s,T)

+Cs ( f M (|Vul®) |Vul dxdt + f |Aul? dxdt)
wx(s,T) wx(s,T)

where C5 = max {C3,Cy4}.
Step 3. Estimate of |Auf? dxdt and f

wx(s,T) wx(s,T)

M (|Vu|2) \Vul® dxdt.
We introduce the function 7, that satisfies
neEW*>®(Q),0<np<l,p=1inw,n=0inQ\ w.

Applying (2.12) with & = > we have

T
- f n? (1w = |Aul®) dxd + f Au A u dxdt
0

s s

(w @, Pu®)

+2 f Au(Vu~Vn2)dxdt+ f M(IVu|2)|Vu|2n2dxdt+

s s

+f M(|Vu|2) Vu - Vi* u dxdt + f a (x) u'nPudxdt = 0.

s s

From (3.20) and properties of n follows that

f M (qu|2> |Vul? dxdt + f |Aul? dxdt =
wX(s,T) wx(s,T)

T
+ f 2 |’ dxdi—
s s

—2f Au (Vu . Vnz) dxdt — f Au Ai? u dxdt—

— (& @, 1Pu )

f M (|Vu|2) Vu - Vi? u dxdt — f a (x) u'n*udxdt.

s s

Now, observe that,

o2 f Au(Vu - Vip) dxdt < i fA Al dxdt + 4 | V2|, f \Vul® dxdt

s wX(s,T) wx(s,T)

1
. f Au A u dxdr < ||A|, f juf? dxdt + 5 f |Auf® dxdt <
7} wx(s,T)

(o8 wX(s,T)

< mio A, ﬁ M ((Vul) luf? dxdt + 411 ﬁ \Aul? dxdt

wx(s,T) wXx(s,T)

(3.19)

(3.20)

(3.21)
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. f M (1Vul?) Vu - Vi u dxdt < ! ﬁ M (|Vul?) Vul* dxdr+

s wx(s,T)

v f N
L L) M(|v dxdt.
s . (| ul)lul xdt

T
. f a (x) u'Pudxdt < f Vialls [E )| Ky 18w ()] dr <

s

1 T
<4|lalle K%CsE (s)+ Ef E (1) dt, where K is the immersion’s constant of the HS (Q) — L2 (Q).
5Js

1 1
. f 2 ' dxdt < o na (x) o' dxdt < %E(s).
s [oX

° (w ®, ;7214 (t)) 'T < 2K,E (s), where K, = max{l,Klz}.

Using the estimates above in (3.21) we obtain

C
—5( f M (\VuP) |Vul dxdr + f |Auf? dxdt) <
2 \Jaxe.m @x(sT)

C
< (41r<12c5 llalle + a—j + 2C5K2)E(s) +

(3.22)
c C
+4Cs | ve|[, f Vil dxdt+(—5 a|? + = ||Vn2||i) f M (1Vul?) lu dxdr+
Ix(s.T) m 2 ox(s.T)
1 T
- E () dt.
+8 f ()
Substituting (3.22) in (3.19) we find
T
f E () dt < C4E (s) + Cq fA M(IVu|2)|u|2 dxdt + Cg fA \Vul? dxdt <
s wX(s,T) wX(s,T) (323)
< C¢E (s) + Cy f a(x)M(|Vu|2) |ul?> dxdt + C f a (x) |Vul* dxdt,
wx(s,T) wx(s,T)

because a (x) = ap > 0in w D w.
Let us consider a special multiplier to absorb the terms of the right side of (3.23). We introduce
z(1) € Hy (Q) N H? (Q) solution of the problems

-Az=a(x)uin Q (3.24)
z=0onT,
and
‘ A7 =a(x)u' inQ (325)

Z =0onT.
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Elementary calculations show that

f \Vz]> dx < Cf |ul? dx

Q Q

f V| dx < Cfa(x) lu'|? dx.
Q Q

Multiplying the equation in (1.1) by z and integrating by parts on Q; we find

(3.26)

f W’ zdxdt + f Aulzdxdt — f M(|vu|2)qudxdt+ f a(x)u'zdxdt = 0. (3.27)
Now from (3.24) we obtain

- f M (|Vul®) Azud xdt = f a(x) M (|Vul®) lu? dxd,

s s

f AzAudxdt = —f Au a (x) udxdt = f VuV (a (x) u) dxdt < (3.28)

s s s

<C f a (x) |Vul® dxd:.
QJ

Substituting (3.28) in (3.27) we conclude that

T

f a(x)M (IVu|2) |u)? dxdt+f a (x) |Vul? dxdt < —f u'zdx
Q

s O

+f u’z'dxdt—f a (x) u'zdxdt. (3.29)

s s s

From Poincaré’s Inequality and (3.26) we get

' fuzdx f|u| dx+ — f|Vz|2dxs
32f|u|d+ f|u|2dx<

KoK
S—f|u’|2dx+ 021 f|Au|2deC9E(t).
2Ja 2 Jo

- f u' zdx
Q K

Using (3.24), (3.26) and the immersion of Hg (Q) — L?(Q) we have

T 1/2 1/2
f a(x) u'zdxdt = f {( f a(x)? Iu’Izdx) ( f |z|2dx) }dts
s s Q Q

T
1
< Cllally? f —|E" 0] - 6E (0" dr <
N &

C T T
< %f \E’ (1)] di + ff E ) dt.
& s 2 Js

Therefore,
T

<2CoE (s).
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From (3.26) follows that

e (T 1 (T
f w7dxdr < = f f lu'|> dxdt + — f f 171> dxdt <
s 4 K} Q €Js Q

T K T
< ff E@)di + Qf fa(x)|u'|2dxdzs
2 s &€ s Q
T CK T T
< ;f E(t)dt + Tlf |E' (1)|dt < gf E (t)dt + C1oE (s).

Substituting the estimates above in (3.29) and backing in (3.23) follows that

T
(l—s)f E@)dt<CE(s). (3.30)

Choosing 0 < & < 1 and taking the limit when 7 — +oco we obtain the estimate (2.9) and this

concludes the proof.
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