SYMMETRIC SPACES AND PARTIAL HYPERBOLICITY *

F.A.A. CARNEIRO |

Resumo
Falaremos a respeito da hiperbolicidade e hiperbolicidade parcial do fluxo geodésico de espagos

simétricos de tipo nao-compacto.

Abstract

We will talk about hyperbolicity and partial hyperbolicity for the geodesic flow of locally symmetric

spaces of noncompact type

1 Introduction

In the sixties, Anosov showed that the geodesic flow of a Riemannian manifold of negative curvature is
hyperbolic. One classical example of hyperbolic system is the geodesic flow of a Riemannian manifold
of constant curvature —1. There are other nice examples: locally symmetric manifolds with negative
curvature. We are going to show they are hyperbolic and partially hyperbolic with the help of a tecnique
which turns the proof of hyperbolicity and partial hyperbolicity very elegant.

In section 2 we introduce definitions, the criteria for hiperbolicity we are going to use and a proof
that the geodesic flow of a Riemannian manifold with negative curvature is hyperbolic.

In section 3 we introduce definitions and properties of symmetric spaces and locally symmetric ma-
nifolds.

In section 4 we show that the geodesic flow of a locally symmetric manifold of nonconstant negative

curvature is partially hyperbolic.

2 Cone field criteria

Before given the results, we need to introduce a few definitions.

A partially hyperbolic flow ¢, : M — M in the manifold M generated by the vector field X : M —
TM is a flow such that its quotient bundle TM/(X) (assuming that X has not singularities) have an
invariant splitting TM/(X) = E°* @ E° @ E* such that these subbundles are non trivial and with the

following properties:

dgi(x)(E*(2)) = E*(¢i(2)),
doi(z)(E*(2)) = E*(¢1(2)), (2.1)
dgi(z)(E" (2)) = E"(¢1(2)),
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|ldg:(z)|p=|| < C exp(tA),
ldp ()| g || < Cexp(th),
Cexp(tp) < [|dge(z)|pe|| < Cexp(—tp),
for A<pu<0<C.

Let (M,g) be a Riemannian manifold, = : TM — M its tangent bundle, ¢; : TM — TM be its
geodesic flow. For any v € TM, ¢+(v) = 7,(t), where 7, is the geodesic such that 7,(0) = m(v) and
7,(0) = v. Any geodesic has constant velocity and vz (t) = 7, (At), for any positive real number A, so we
consider only the geodesics with velocity one, i.e., UM = {v € TM : g(v,v) = 1}.

The double tangent bundle T'T'M is isomorphic to the vector bundle

E—TM,

E=m"TM @© n*TM, with fiber £, = T,y M & T,y M. We define the isomorphism as

T:TTM —&:Z — ((mo V) (0), %(0)),

where V' is a curve on T'M such that V'(0) = Z. The Sasaki metric in the double tangent bundle is the
pull-back of the metric g on &:
Go((1m1,51)5 (M2562)) = Gr(v) (M1, M2) + G (15 62)

where (11,61), (2,52) € TryM @ Tr(y) M.

There is a subbundle E(UM) C T(UM) transversal to the geodesic flow which is identified with the
vector bundle & — UM, &', C &,, for all v € UM, whose fiber at v is v+ @ v*, where v+ = {w €
Tr(yM : g(w,v) = 0}. The derivative of the geodesic flow, given the identification of TT'M and & is

dydr(n,<) = (J (1), J'(1)),
where J(t) € Ty, ()M is a Jacobi field [Ball,[P], i.e.,

J"(t) + R(¢e(v), J(£))de(v) = 0.

Let p : E(UM) — UM be the subbundle transversal to the geodesic flow of (M, g). Let Q :
E(UM) — R be a nondegenerate quadractic form of constant signature (I,m). Let Ci(z,v) = {n €
£(w,v) 1 Qzv)(n) > 0} be its positive cone, C_(x,v) = {n € {(x,v) : Q(z,,)(n) < 0} be its negative cone,
Co(x,v) = {n € &(z,v) : Q(z.1)(n) = 0} be their boundary and C4 = C4 UCy, C— = C— UCy. The criteria
says the following:

Lemma 2.1. If

d

— 0

5 0n<) >
for all (n,s) € Cy(z,v), (x,v) € UM, the the geodesic flow has a partially hyperbolic splitting E(UM) =
E*® E°® EY, dim(E°) =1, 0 = s, u.

Demonstragdo. See the proof in [W].
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2.1 Negatively curved manifolds

In the negatively curved case, the lemma imples it is hyperbolic, i.e., there is a partially hyperbolic
splitting with trivial central subbundle: E¢ = {0}. Suppose K < —a?, for a positive real number a.

Define the quadratic form as
Q<) = g(n,9).

It is easy to show that it is a quadratic form with signature (n — 1,n — 1).

Theorem 2.1. Let (M, g) be a Riemannian manifold with negative sectional curvature. Then its geodesic

flow is hyperbolic.

Demonstragao.

d
27900:5) = g(s,) = R(v,m,0,m) > g(s,<) + a?g(n,n) > 0.

for any (1,5) € Cy(z,v), (x,v) € UM. O

3 Symmetric spaces of nonpositive curvature

In this section we give a brief introdution of the subject of symmetric and locally symmetric spaces
[E2],[E3],[J], and prove that the geodesic flow of a compact locally symmetric spaces of nonpositive

curvature is partially hyperbolic only if it has nonconstant negative curvature.
Definition 3.1. A Riemmanian manifold (M, g)

a. M is called symmetric if for oll x € M there is an isometry o, : M — M such that

ox(x) = x,doy(x) = —idr, 015

b. M is called locally symmetric if for all x € M there is a radius r, a ball B,.(z) centered at x and

an isometry o, : By(x) — By(x) such that

ox(x) = 2, doy(x) = —idr, 0.

Proposition 3.1. Let (M, g) be a symmetric space.
o If~y is a geodesic with v(0) = x then o,(y(t)) = y(—1);
e M is complete;

Demonstragao.

An isometry takes geodesics to geodesics, so ¢(t) = 0, (y(t)) is a geodesic such that ¢(0) = o,(7(0)) =z
and ¢’(0) = do,(x)7'(0) = —+/(0). By the property of uniqueness of geodesics, ¢(t) = v(—t).
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If M is not complete, let v : [0,7) — M be the geodesic v defined for its maximal domain. Applying
0(T—e) to 7y and item a. enables us to extend the domain of definition to [0, 2T — 2¢) for a small enough
€ such that 27 — 2¢ > T. O

Definition 3.2. Let (M, g) be a symmetric space, then we define for every geodesic v : R — M the map
T M — M,
such that
Tt = Oy(%) © 94(0)-

Proposition 3.2. Let (M, g) be a symmetric space and 7y a geodesic

o 7, translates y: 1¢(y(s)) = y(t + s);

e dri(v(s))§ is the parallel translation of § € T,y to Ty(s14) along y;

e T, is a one-parameter group of isometries: Tsys = Ts O T¢.
Definition 3.3. Iy(M) = {g; fort € R: s — g5 is a group homomorphism from R to G}

Corollary 3.1. Geodesics in the symmetric space (M,g) are images of one-parameter group of isome-

tries.

Corollary 3.2. Let Io(M) be the connected component of the group of isometries of M which contains
the identity, then Io(M) acts transitively on M.

Remark 3.1. A Riemmanian manifold with transitive group of isometries is called homogeneous.

By definition

(VxR)(Y, Z)W = X(R(Y, Z)W) — R(VxY, Z)W — R(Y,Vx Z)W — R(Y, Z)V xW.
Then if Y, Z, W are parallel then
(VxR)(Y, Z)W = X(R(Y, Z)W).
Proposition 3.3. Let (M, g) be locally symmetric. Then
VR =0.

Demonstragio. Let v be a geodesic, with v(0) = z and v(T) = y. Let 77 be the transvection along ~.
Let X, Y, Z, W be parallel vector fields along . Then

g(R(Y (), Z(q))W(q),U(q)) = g(R(drrY (q),drrZ(q))drrW (q), d7rU(q))

= g(R(Y(p), Z(p))W(p),U(p)) = X(R(Y, Z)W,U) = 0.
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One can show that if (M, g) is a compact Riemannian manifold, then the following properties are equi-

valent to being locally symmetric:
e VR=0,

o if X(t), Y(t) and Z(t) are parallel vector fields along ~(¢), then R(X (¢),Y (t))Z(t) is also a parallel
vector field along ~(¢).

Each simply connected symmetric space M is the quotient of the Lie group G of isometries of M
with a left invariant metric by its maximal compact subgroup K: M = G/K. Each compact locally
symmetric space IV is the quotient of a simply connected symmetric space M and a cocompact lattice I'
of G acting on M discretly, without fixed points, and isometrically, such that N = M/T" [E2],[E3],[]].

Proposition 3.4. Let N be a locally symmetric space, p € N, v € T,N, ¢ geodesic such that c¢(0) = p,
c(0) = v, there are vi,...,vo_1 an orthogonal basis of eigenvectors of Re () orthogonal to v with
eigenvalues pi, ..., pn—1, and parallel vector fields vy (t),...,vn—1(t) along ¢ such that v;(0) = v;. Then

the Jacobi fields along c are linear combinations of the following Jacobi fields

¢y (0)0(1) and s, (v (1),

where 1
cos+/pt, p > 0, % sin/pt. p > 0,
cp(t) == { coshy/=pt,p <0, sp(t) == ! inh V=pt,p <0,
1,p=0 e
P =Y,

t,p=0.

The proof of the proposition relies on the two facts: R, : T,N — T,N : w — R(v,w)v is a self-adjoint

map and the curvature tensor is parallel [J].

Definition 3.4. Let M = G/K be a symmetric space, where G is the Lie group of isometries of M and
K the mazimal compact subgroup of G. Let g be the algebra of Killing fields on the symmetric space M
and p € M. Define

b= {Xeg: X(p) =0},

p:={Xeg:VX(p) =0}
For these subspaces of g, ¢®p =g and ¢Np = {0}, and T, M identifies with p.
Remark 3.2. In fact the Lie algebra of G is g and the Lie algebra of K is €.

Definition 3.5. Given p € M, we define the involution ¢,(9) : G — G : g = op0gooy,. Then, we
obtain 0, : dp, : g = g. Since 912) =1id and 0, preserves the lie brackets, the properties of this subspaces

of g are:

i Oy = id,
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ii. Op)p = —id,
iii. [€,€] C ¥, [p,p] CE [&p] Cp,
Proposition 3.5. With the identification T, M = p the curvature tensor of M satisfies
R(X,Y)Z(p) = [X, 1Y, Z)|(p)
for all X,Y,Z € p. In particular, R(X,Y)X(p) = —(adx)?(Y)(p).
Remark 3.3. We are going to consider only symmetric spaces with nonpositive sectional curvature.

Fix a maximal Abelian subspace a C p. Let A denote the set of roots determined by a, and

=00+ Y fa-

acA

9o ={weg: (adX)w =a(X)w,VX € a}, a:a — R is a one-form [J].
Define a corresponding decomposition for each a € A, €, = (id + 6)g, and p, = (id — 0)go. Then:

i. id+0:g, — t, and id — 0 : g, — po are isomorphisms,
. Ppo=P_a, ba=t_,,and po Dty =ga P 90,
iii. p=a+3  caba, £ =8+ ,cp ta, where €5 = go NE.
For X € a we have that, along the geodesic ¢ in M with initial conditions ¢(0) = p, ¢/(0) = X, the

Jacobi fields are linear combinations of the following Jacobi fields:

C,a(x)2 (t)vj (t) and S,a(X)z (t)vj (t)

So, we define for a vector X € a, and for « such that a(X) # 0, the subspaces P*(X), P:(X) C
Tip,xyUM such that

PY(X) = {(w,|a(X)|w) € p:w € pa},
Py(X) = {(w, —[a(X)|w) € p:w € pa}.

If follows from the definition that they are invariant by the geodesic flow.

One can show the following result:

Theorem 3.1. If the geodesic flow of a compact locally symmetric space of nonpositive curvature is

partially hyperbolic, then it is a locally symmetric space of nonconstant negative curvature.
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Demonstracdo. If the locally symmetric space N has a partially hyperbolic geodesic flow, then the
symmetric space M such that N = M/T" has a partially hyperbolic geodesic flow.

Fix x € M and consider v € S, M. Let a be the maximal Abelian subspace of g in « such that v € a,
after identification of T, M and p.

Suppose dim(a) > 2. If the geodesic flow of the symmetric space M is partially hyperbolic, then

there is a splitting into invariant subbundles:

S(UM)=E°® E°® E".

This decomposition and the curvature tensor formula imply that

Eu(l‘,v) = {(faﬁ) € T(w,v)UM : (5777) € POIZ_(’U)},

E*(z,v) ={(&n) € Tie,yUM : (§n) € P (v)},
i=1,...,k, lo1(v)] > |az(v)] > ... > |ag(v)|, such that if 8 # «a;, Vi = 1,...,k, then S(v) < a;(v),
Vi=1,... k.
Now we pick (x,v’) such that ag(v’) = 0. Then:

E*(z,v") ={(&n) € T(,on\UM : (£,n) € Pg, },

E*(2,v") = {(&n) € T(a,oy UM : (£,1) € Pg, },

for some B; € A, j = 1,..., K, |B1(v)] > |B2(v")] > ... > |Bw(v')]. Notice that a;(v') = 0 implies
Bj # a1, ¥j = 1,...,k'. As in the proof of the product metric, there is no way to go from one
decomposition to the other continuously. So, there are no Abelian subspaces with dimension greater
than one, and the symmetric space of nonpositive curvature has rank one. If dimension of the Abelian
subspaces is one then the symmetric space has negative curvature, which implies by the classification of
Cartan [H], [He] that it has constant negative curvature or it is a Kahler hyperbolic space, or quaternionic

hyperbolic space, or the hyperbolic space over the Cayley numbers. O

4 Locally symmetric manifolds of noncompact type and of rank

one

Heintze proved that the following spaces are the only simply connected symmetric manifolds of negative

curvature [HJ:

i. the hyperbolic space RH™ of constant curvature —a?, which is the canonical space form of negative

constant curvature;
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ii. the hyperbolic space CH™ of curvature Im(K) € [~4a?, —a?], which is the canonical Kéhler hy-

perbolic space of constant negative holomorphic curvature —4c? [G];

iii. the hyperbolic space HH™ of curvature Im(K) € [—4a?, —a?], which is the canonical quaternionic

Kahler symmetric space of negative curvature [Be], [Wol;

iv. the hyperbolic space CaH? of curvature Im(K) € [—4a?, —a?], which is the canonical hyperbolic

symmetric space of the octonions of constant negative curvature.

All the cases are hyperbolic, as proved in section 2. They are partially hyperbolic if they have a
hyperbolic splitting with more than two invariant subbundles with domination. This is not the case of
constant negative curvature: we cannot split the hyperbolic splitting into several invariant subbundles.
But we can split the hyperbolic splitting in the case of nonconstant negative curvature.

Locally symmetric spaces with non constant negative curvature have the following decomposition, at
veUM:

po = {v}, a,2a are real numbers and a,2a € A,p = pg ® po D P2a,

so they have the following parallel subspaces of T, M, for all x € M, v € T, M:

A(z,v) = {w€TuM: K(v,w) = —4a*}, (4.2)

B(z,v) = {weTM:K(,w)=—a*}, (4.3)
where a € R and

Ro @ A(z,v) ® B(z,v) =T,M.
The curvature tensor for locally symmetric manifolds of noncompact type and rank one is
R(v,n)v = —4a’na — a’ng,

where v € UM.

Theorem 4.1. The geodesic flow of the locally symmetric manifolds of noncompact type and rank one

is partially hyperbolic.

Demonstracdo. Let band c be positive real numbers. Let Q%¢(n,<) = g(na,54)—b%9(n5,n8)—c*9(sB,<B)
be a quadractic form. The signature of Q%¢ is (dimA, dimA + 2dimB). The derivative of the quadratic

form along the geodesic flow is

d
%(Q(WAKA) — v’ g(ns,nB) — 9(sB,sB))

= g(sa,sa) —g(R(v,n)v,na) + 9g(nar,sa) + g(na,<ar)

d b,c
52 (n,¢)

— 20%g(nB,sB) + 2¢°g(R(v,n)v,sp) — 26%g(np/, nB) — 2¢%g(sp,<B)
= g(sa,sa) — g(R(v,n)v,na) — 26*°g(n5,sB) + 2¢°g(R(v,n)v,<p)
= g(ca,sa) +4a’g(na,na) — 2v°g(np,sB) — 2a°cg(np, <B).
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9(sa,sa) +4a®g(na,na) > dag(na,sa) > 4a(b*9(ng,nB) + *9(sp,s8)) > 8abcg(np,sp).

We define e := % Notice that
8abc > 2b% + 2a*c* & 3a® > €? — dae + 4a® & e € (2a — V3a,2a + \/ga).

If e = 2a, i.e., b = 2ac, then
d
o >0
7<)

for all (n,s) € Cy.
O

Remark 4.1. We are free to choose the positive real numbers b and c, but we are bound to a given set
b

of proportions 2. To choose bigger and bigger b and ¢ and do not change the proportion between the two

is equivalent to choose ’smaller’ cones.

Remark 4.2. Since the geodesic flow is partially hyperbolic and hyperbolic at the same time, the splitting

18

E(UM) = E** & E* @ E° @ E*.

The importance of the existence of these kind of splitting is given in [CP], where Pujals and I give
an example of a partially hyperbolic geodesic flow which is not hyperbolic, by changing the metric of a

compact locally symmetric manifold of nonconstant negative curvature.
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